1. Introduction. Let S be a 2-sphere topologically embedded in the 3-sphere S3. A point p ES is called a piercing point of S if S can be pierced with a tame arc at p. In [6] Gillman improved some earlier results of R. H. Bing on the existence of piercing points to show that the nonpiercing points of S form a O-dimensional F" subset of S. In this note, we show (Theorem 2) that no subset of S which is cellular in S3 can contain more than one nonpiercing point of S. As a corollary (Theorem 3), we find that if both complementary domains of 5 are open 3-celIs, then at most two points of 51 are nonpiercing points.
The proof of Theorem 2 depends on Theorem 1, which says that if a cellular set "topologically collapses" to a subset, then the subset is also cellular. For example, if a topological 2-cell D is cellular in Sz then any topological 2-cell in Int D is also cellular in S3. Another important tool in the proof is a theorem of Gillman and Martin (stated in [ll] as Lemma 4) to the effect that a cellular arc in S3 cannot fail to be locally tame only at its endpoints.
If K is a finite simplicial complex and L is a subcomplex of K, the statement that K contracts (or "collapses") to L is understood in the sense of J. H. C. Whitehead [l4] . A crumpled cube K is any space homeomorphic to the closure of a complementary domain of a 2-sphere 5 in S3. We write 5=Bd K. If K is a crumpled cube and 5= Bd K, then pES is said to be a piercing point of K if there exists an embedding h: K->S3 such that h(S) can be pierced with a tame arc at h(p). In [8] and [9] it was shown that for any crumpled cube K there exists an embedding g: K->S3 such that the closure of S3-g(K) is a 3-cell; and in [ll] it was shown that p is a piercing point of K if and only if g(Bd K) can be pierced with a tame arc at g(p). Further, in [13] it was noted that if 5 is a topological 2-sphere in S3 then pES is a piercing point of S if and only if p is a piercing point of both of the crumpled cubes bounded by S.
We use A" (wSO) to denote a closed w-simplex. A topological space X is called a compact absolute retract if for some n, it can be embedded in A" as a retract of A". If A"CInt M" is a compact absolute retract and M" is a piecewise-linear w-manifold, we say that X satisfies the cellularity criterion if: For each open set U such that XEUEMn, there exists an open set VEMn such that XEVEU and such that each loop in V-X is contractible in U -X. In [12] , it was shown that if M^5 or if n = 3 and M3 = S3, then X is cellular in Mn if and only if X satisfies the cellularity criterion.
2. Topological collapsing. The following is a generalization of the theorem that "each subarc of a cellular arc is cellular" (see Theorem 6 of [12] ). Theorem 1. Let K be a contractible, finite simplicial complex, and L a subcomplex of K such that K contracts to L. Let h: K-»Int Mn be a topological embedding, where Mn is a piecewise-linear n-manifold, and m=^3. Then, if hiK) satisfies the cellularity criterion, so also does A(2>).
Hence, if mf^4 and if hiK) is cellular, so also is h{L).
Proof. The last assertion follows from the first part of the conclusion and from Theorems 1 and 1' of [12] . It remains only to show that if L is obtained from K by one elementary contraction and if hiK) satisfies the cellularity criterion, then h{L) does also. We assume that m^3. Then VEQ-WEU.
Let a loop
be given. Then/ is homotopic in V* -h(L) to a mapping/' of Bd A2
into V* -h(K). In fact, if k^n -2, we can do this with a small homotopy. If k = n -l,we must first adjust/slightly so that its image meets h(K) at only a finite number of "piercing" points in h(Int sk) (see [7, Lemma 5] ), and then perform a homotopy in V* which pushes the adjusted image of/ over the free edge /?(i*_1). If k = n, wS3, we first adjust/slightly (as in the previous case) so as to pierce hty^1) at a finite number of points in h(Int /*_1) and then perform a homotopy in V* which deforms the image of/ away from h(Int sk). Finally we deform the image completely off h(K) (in each of the two cases where k^n-1, we are making use of the fact that each "side" of the complement in Int Mn of a topological (n-l)-cell is uniformly locally arcwise connected at each point of the (n -l)-cell-see Lemma 10 of [7] ). Now/' is homotopic to a constant in U* -h(K) and hence/ extends to a continuous mapping
Consider the closed set Z = F-1(W) in Int A2. Since F\ Z: Z^U-h(L) is homotopic to a constant mapping, 7|Z extends to a mapping
It is easily verified that Ff is the required continuous extension of/. This completes the proof. Proof. Let K he one of the crumpled cubes bounded by S, and let h be a homeomorphism of K into S3 such that the closure C of S3-hiK) is a 3-cell (see [8] and [9] ). Then Cis cellular in S3. Further, by Theorem 1 each arc in Bd C is cellular in S3.
Hence by the preceding theorem, at most one point p of S fails to be a piercing point of K. Similarly, if K* is the other crumpled cube bounded by S, then at most one point q of 5 fails to be a piercing point of K*. By Theorem 4 of [13], 5 can be pierced with a tame arc at each point of S-{p, q}.
Although we give no application of the following theorem here, we include it because we consider its proof slightly novel, and because we believe it will be useful in proofs in which one needs to tame a surface "from one side" (in the sense of [8] and [9] ). Theorem 4. Let K be a crumpled cube in Sz, and let h: K^>S3 be a homeomorphism such that the closure C of S3 -h(K) is a 3-cell. Then h preserves the cellularity of subsets of 5 = Bd K. That is, if XES is cellular in S3, then h(X) is cellular in S3.
Proof. Let XES be cellular in S3. Let ir be a mapping of S3 onto S3 whose only inverse set is X (see [4] ). That is, X is the only nondegenerate set of the form T~1(y). By [8] and [9] , there is a homeomorphism g of the crumpled cube ir(K) into S3 such that the closure D of S3-gir(K) is a 3-cell. Now f=girhr1 is a mapping of h(K) onto gir(K) ES3 whose only inverse set is h(X). Further, f\ Bd C is a monotone mapping of Bd C onto Bd D. It is not hard to prove that/| Bd C extends to a mapping of the 3-cell C onto the 3-cell D such that /| Int C is a homeomorphism (see, for example, §3 of [l]). Hence, by piecing together these mappings, we see that there is a mapping of S3 onto itself whose only inverse set is h(X), and the result follows.
